Abstract-A successful grasp of an object can be guaranteed when the object can never escape from the surrounding fingers during the entire grasping execution. Ability to capture an object clearly contributes to the robustness and success of grasping tasks. Object concavity is a useful geometric property allowing objects to be captured with only few fingers. In particular, certain concave objects may be captured using two fingers by appropriately placing the fingers dose to some pair of opposite concave sections. Based on this intuitive idea, we address the problem of capturing concave polygonal objects with two disc-shaped fingers. We present an approach for computing a range of distance such that the two fingers can move away from a given immobilizing grasp but still prevent the object from escaping; when within this computed range, it is guaranteed under the frictionless contact assumption that the lingers can move toward each other to bring the object to the given immobilizing grasp. The proposed approach is implemented and preliminary result is presented.
I. INTRODUCTION
An object is captured when it is restricted to stay within a bounded region of the workspace, i.e., there exists no trajectory to bring the object to infinity. A capturing action generally applies to a set of the object's configurations rather than a single one. It provides a means with which uncertainty in the object's configuration can be handled. Ability to capture an object clearly Contributes to the robustness and success of grasping tasks as we can guarantee a successful grasp of an object when it cannot escape from the surrounding fingers during the entire grasping execution.' A comprehensive review on grasping works can be found in [2] .
Object concavity is a geometric property allowing objects to he captured with only few fingers. In particular, certain concave objects may be captured using two fingers by appropriately placing the fingers close to some pair of opposite concave sections. In fact, concavity is a necessary condition for an object to be capture-able by two fingers. Concavity can also he used for guiding manipulation; see
[I] for a work that takes advantage of concavity to dercve a method for orienting parts using inside-out pulling.
In this paper, we address the problem of capturing and grasping a simple polygon with concavities in the plane by two identical disc-shaped fingers under the frictionless 'In static grasp computation, it is usually assumed that the object to be grasped stays tixed but this is not always m e because all contacts may not be made simulraneously causing the object to move away from the initial configuration for which the grasp is computed contact assumption. It is important to note that there are two main classes of two-finger grasps: ( I ) squeezing grasps for which the two fingers are pushing toward each other ( Fig. l(a) ), and (2) stretching grasps for which the two fingers are pushing away from each other ( Fig.  l(b) ). Our focus is mainly on capturing issues related to squeezing grasps. Specifically, we present an approach for computing a range of distance such that the two fingers can move away from a given squeezing immobilizing grasp but still prevent the object from escaping. Moreover, when within this computed range, it is guaranteed under the frictionless contact assumption that the fingers can move toward each other to bring the object to the given immobilizing grasp. This computed range may also he used as a quality in selecting good grasps since a larger range yields better tolerance for error in positioning the fingers during the pre-grasp stage. An example of (a) a squeezing grasp, (b) a stretching grasp, and (c) an object being captured as the fingers move away from a squeezing grasp Although capturing actions can help handle uncertainty in the object's configuration and appears to he useful for grasping and manipulation tasks, the problem of capturing objects has so far received little attention in robotics.
It was introduced in [SI the concept of Inescapable Configuration Space (ICs) region, i.e., on the idea of characterizing the regions of configuration space in which the object is not immobilized but is constrained to lie within a hounded region of the free configuration space This concept is used in [7] as a basis for computing a plan for manipulating polygonal objects using three discshaped robots. Similar work in the two-finger case can be found in [4] where a method based on stratified Morse theory to find configurations of the gripper in the contact C-space that can form an inescapable cage is presented. The works described above aim at solving a similar problem to ours but the approaches taken are based on analyzing regions of the dual fingerlobject configuration space, which results in complex computation. In contrast, our approach takes advantage of the polygonal object shape assumption and the object's concavities to derive a simple capturing condition that can he computed using only the distance information in the workspace of the object and the fingers. This is similar to the approach taken in [6] where the object's convexity is used in computing the width of a gap guaranteed not to let the object to pass through.
The rest of the paper is organized as follows. In Section 11, we begin by characterizing all possible types of squeezing equilibrium grasps based on the location on the object's boundary at which the fingers are placed. In Section 111, we show that grasps belonging only to two of the five possible types are able to immobilize the grasped object. The immobilizing grasps consist of equilibrium grasps with the two fingers at concave vertices (type-1), and equilibrium grasps with one finger on an edge and the other at a concave vertex (type-2). For each of these grasps, when the fingers slightly move away from the grasping position, the object will be able to move hut still cannot escape (Fig. l(c) ). This idea is formalized in Section IV-A where we show that, for a given immobilizing grasp, there exists an associated finite interval of distance by which the fingers can he far apart from each other while still capture the object. Following its definition, this distance interval is referred to as a capturing interval. Then in Section IV-B, we propose a simple method for computing, for a given immobilizing grasp, a capturing interval such that whenever the distance between the capturing fingers is in this interval, we can also guarantee that the object will he brought to the immobilizing grasp without getting stuck anywhere else as we move the fingers toward each other (the immobilizing configuration is reached when the distance between the fingers is reduced to the minimum of the interval). Finally, we present preliminary results in Section V and discussion and future works in Section VI.
EQUILIBRIUM GRASPS
A grasp of an object is modeled as a set of grasping points (fingertips) on the boundary of the object. An equilibrium grasp is a grasp whose grasping fingers can exert wrenches (not all of them are zero) through the grasping points to balance the object. A grasp achieves force-closure if the grasping fingers can exert forces and torques to cancel any external wrench. In other words, an object in a force-closure grasp can remain in equilibrium under arhitrary external disturbance and clearly, forceclosure implies an equilibrium grasp. Under the frictionless contact assumption, force-closure is a sufficient condition for immobility hut it is not a necessary one.
Considering the effect of curvature at the contact, it is shown in [5] that a grasp can immobilize an object without achieving force-closure.
In this section, we classify an equilibrium grasp based on the location of the fingers' centers. Note that the center of a finger must lie on a closed curve obtained from growing the object's boundary by the radius of the fingers. Also recall that under the frictionless contact assumption, the line of force at a contact must he in the inward normal direction. In the following classification, grasps are distinguished by two features of the grown boundary, each of which indicates where the center of each finger is located. The possible features are a vertex, a straight edge and a circular arc (from growing the boundary at a concave vertex, an edge, and a convex vertex respectively). For each possible type, we describe the condition for its equilibrium.
Type-1: (vertex,vertex). See Fig. 2(a) . There are, in fact, four grasping points in this case. The center of a finger must be in the interior of the cone formed by the lines of forces at the two contact points of the other finger. Type-2: (vertex,straight edge). See Fig. 2 (h). There are three grasping points. The corresponding three lines of forces intersect and the interior of the cone formed by the lines of forces exerted by the finger with two contact points must contain the center of the other finger. The object is immobilized by the effect of curvature of the fingers although the grasp does not achieve force-closure. Type-3: (straight edge, straight edge). See Fig. 2 
(c).
The two edges must he parallel and the lines of forces from the two contact points intersect. The grasp can only achieve equilibrium but cannot immobilize the object as it is obvious that the object may slide in the direction of the edge. Type-4: (circular arc, straight edge). See Fig. 2 
(d).
The finger associated with the circular arc feature must locate where the line of force at its contact is aligned with the line of force of the other finger. Type-5: (circular arc, vertex). See Fig. 2 (e). The grasp can only achieve equilibrium. The object is not immobilized as it can rotate around the finger associated with the concave vertex. As mentioned in Section I, only squeezing equilibrium grasps of types 1 and 2 can immobilize the object. This statement will be proven in the next section. As for stretching equilibrium grasps, only grasps of type-1 can immobilize the object. This can be understood from the illustration in Fig. 3 showing that the object in a stretching grasp of type-2 may rotate around the finger at the concave vertex.
IMMOBILIZING GRASPS
In this section, we will prove that a squeezing eqnilihrium grasp of types 1 or 2 effectively immobilizes the grasped object. Note that there are many ways in which this statement could be proved. For example, for grasps of type 1, it is sufficient to prove that they achieve force closure and fur grasps of type 2, we may use the secondorder immobility condition. A proof is recently given in 131 by considering critical values of the function of the distance between the two fingers. For completeness and to introduce elements to he used in the following sections, we will present a simple geometric proof requiring only rigidity of the grasped object and the fingers.
Let us begin with type-1 equilibrium squeezing grasp. Consider a grasp of type 1 shown in Fig. 4(a) . In this illustration, we redraw Fig. 2(a) by omitting the physical boundary and showing instead the grown boundary of the object. This allows a finger to be represented as a point. From now on, without loss of generality, we consider only point fingers (only concave vertices are concerned so the grown boundaries are still polygonal). without loss of generality that the object is grasped when one finger is at m and the other is at n. Assume oppositely that the object can move while the two fingers stay fixed at the grasping configuration. This assumption is equivalent to assuming that the object stay fixed whereas at least one finger has to he able to move and the distance between the two fingers is fixed at 1mn1.
Obviously there exists a neighborhood D, of m that can he divided into two parts by the boundary segments MI and M2 and likewise there exists a neighborhood D, of n that can be divided into two parts by the boundary segments N I and Nz (Fig. 4(b) ) . Consider the finger that is initially at m when the object is grasped. Within the neighborhood D,, this finger can move only in the convex region bounded by M1 and MZ or it has to penetrate the object. Following Lemma 1, this convex region is outside the rectangle K except at m. Applying the same reason with the other finger, we have that if a finger moves, its new position is not in K . As a result, if at least one finger moves, then at least one finger is outside K and the other finger is either outside K or on the boundary of K (at the corresponding concave vertex). Since the fingers are on different sides of K , the distance between them must he greater than lmnl which results in a contradiction and, therefore, completes the proof for type-I.
For type-2, using similar setup, the same argument can be applied to conclude that no matter how each finger moves (at least one finger has to be able to move) in its neighborhood, the distance between the two fingers must be greater than that when the object is grasped and that derives a contradiction which proves the lemma. In this case, one of the boundaries is a single line segment. This difference requires a straightforward modification of the w idea in Lemma 1 by considering only one cone.
IV. CAPTURING OBJECTS
When an object is captured by two fixed fingers, it may move hut will not be able to escape from the capturing fingers. In other words, the object's configuration is restricted to lie within a bounded subset of the object's configuration space. Let us consider the positions of the fingers in a coordinate frame attached to the object being captured. In this frame, we will see that the object will stay fixed while the fingers may move within a hounded region. This allows us to view the object as a stationary obstacle and the fingers as two movable robots that are constrained to lie far apart from each other by a fixed distance. With this perspective, for a given immobilizing grasp, we will show in Section IV-A that there always exists an associated capturing interval, i.e., finite interval of distance between the two fingers for which we can guarantee that the object can be captured. Then in Section IV-B, we present a simple method for computing an associated capturing interval for a given immobilizing grasp.
A. Capturing Interval
A capturing interval is defined as follows.
Definition I : While still capture an object, the two fingers at a given immobilizing grasp can move away from each other with the distance between them varying within a finite interval. We call such interval of distance a capturing interval associated with the grasp.
When an object is immobilized in an immobilizing grasp, the object is certainly captured. This fact confirms that the associated capturing interval is not empty. Next, we will show that this interval is finite.
In the following discussion, let us again use a typical example of a squeezing equilibrium grasp of type 1 shown in Fig. 4(a) and all the related notations given in Section Lu. Let us also denote, respectively, by U, and U, the two fingers that lie at m and n when the object is immobilized, and pretend for a moment that the two boundaries M and N extend to infinity ( Fig. 5(a) ). We denote respectively by M' and NI the extended version of the boundaries M and N.
Free Space Regions: Let us imagine that the fingers have moved away from each other and have the distance between them increased from lmnl to d = Imnl+6. Now that the fingers may move (no longer at the immobilizing configuration), it is easy to see that the extended boundary N' constrains U, to lie in the top free space portion and liewise the extended boundary M' constrains t ? , to lie in the bonom free space portion. These top and bottom free space portions are denoted correspondingly by F, and F, (Fig. 5(a) ). Feasible Regions: Besides being constrained by the extended boundaries, both fingers have to maintain that they are far apart from each other by the distance d. Under this distance constraint, for a position to be feasible for U,, there must exist a point in F, that is far from the position by the distance d. This restriction allows us to construct the feasible region of U, (denoted G,) by growing the boundary of F,,, with the distance d (Fig. 5(b) ). This region does not contain F, for the obvious reason that U, is forbidden to be in there by the extended boundary hi'. As a result, the finger&& is now confined in both F, and G,. Varying 6: As mentioned earlier, the object is captured when the region of possible positions of each finger is bounded. We cansee that when 6 E 0, i.e., when the object is immobilized, F, "= { m } and F,, = { n } are bounded.
As w~ increase 6, F, and F, get larger in such a way that F, F d F, for smaller 6 are respectively a subset of F, and F, for larger 6 (true from the construction of G, and G"). This means that when the object is captured at Obviously, the free space regions F, and F, are fixed whereas the feasible regions G, and G , depend on 6. Let us try to understand this relationship by considering the boundary of G, as we increase 6 from zero. Fig. 6 shows snapshots of the boundary of G, for 6 = 61,62,63
and d4 where 61 < 62 < 63 < 64. As we can see, as 6 increases, G, grows larger but by the construction of feasible region and the fact that M' must be outside the rectangle K , subset of G, that is above K , is guaranteed to be bounded for any positive 6. Combined with that the interipr of the free space F, is above K,, we can conclude that F, = F, n G, is bounded. With the same reason, we can also conclude that F, = F, fl G, is bounded as Ignoring the Boundary Extension: Now that p, and p,, are always bounded for positive 6, does it mean that the object is always captured regardless of the value of 6? Of course, not. The "always" boundedness conclusion is due to the construction that is based on extended boundaries IV-B) . This means that whenever finger 13, is in contact with the object, it can he in contact only with the actual boundary N (not with the extended part   N,) . Likewise, whenever finger 1 3 , is in contact with the object, it can he in contact only with the actual boundary M . In other words, the extended parts M , and N , do not participate in constraining the fingers. Therefore, we can again safely ignore the boundary extension in this case. Moreover, by the reason given in the previous paragraph, that the object is captured at 6 = 6' implies that it is also captured for the entire interval 0 5 6 5 6'. This concludes the finiteness of a capturing interval and we can then state the following lemma. Although the discussion so far is written with the focus on type-I equilibrium grasps, the line of reasoning and most arguments also apply to type-2. Another version for type-2 can be generated by straightforwardly modifying what has been presented. Therefore, to avoid tedious repetition, it is omitted here.
B. Computing a Capturing Interval
The discussion leading to Lemma 3 has provided clues to computing a capturing interval for a given immobilizing grasp. Most relevant is the main idea that An attractive property of this computed capturing interval is that when the distance between the fingers is in this interval, the object can he brought to the associated immobilizing configuration by moving the fingers toward each other until the distance between them is reduced to lmnl, We can guarantee that the fingers will not he stuck anywhere else during this finger motion. This guarantee is clear from the fact that when finger B, is in contact with the object, it can be in contact only with N and, likewise, when finger B, is in contact with the object, it can he in contact only with M . Because for all pairs of points, one from M and the other from N , there exists only one equilibrium grasping configuration when one finger is at m and the other is at n, it is then impos,sible for the fingers to get stuck anywhere except at F e desired immobilizing configuration. / , -
V. PRELIMINARY RESULTS
We have implemented an algorithm for identifying all two-finger immobilizing grasps of type 1 and 2 for an input simple n-sided polygon. According to the condition given in Section 11, our implementation straightforwardly verifies whether a grasp of type-l or type-2 could be formed at each vertexledge pair and vertexlvertex pair. For each grasp found, it then computes the corresponding capturing interval using the calculation provided in Section IV-B. It finally sorts all the grasps found according to the size of their capturing intervals. Checking the condition for type-1 or type-2 grasps takes constant time, so identifying the grasps takes O(n2). Since The number of concave vertices is in O ( n ) , the number of grasps found is in the order of O(n2). Sorting them takes O(n2 lgn), therefore we obtain an O(n2 Ign) implementation.
The program is written in C++ and runs on an 800 MHz PC. It takes less than 0.1 second for any test case using a polygon with about 30 vertices. Fig. 8 (a) and 8(b), respectively, show the grasps of type-1 and type-2 with the largest capturing interval. In the figures, immobilizing configurations are marked with circles and the largest distance where the two fingers can be far apart is represented by a line segment. We can see that the size of the capturing interval for the type-I grasp in Fig. 8(a) is much larger than that of the capturing interval for the type-2 grasp in Fig. 8(h) . For a grasp of type-2, when the fingers are expanded by small amount, the object is allowed to rotate by a relatively large angle. As shown in Fig. 8(c) , to obtain a large capturing interval for type-2, the involved grasped edge has to he long enough to prevent large rotation from freeing the object from the capturing fingers. This somewhat suggests that a grasp of type-l is generally more robust than a grasp of type-2. In Fig. 9 , type-l grasps with the maximum capturing intervals are shown. For test polygons in, Fig. 9(a) and Fig. 9(b) , we found respectively 7 and 19 type-1 grasps, and 6 and 26 type-2 grasps. We have presented a classification of frictionless twofinger immobilizing grasps of polygons and a simple method for computing a capturing interval associated with a squeezing immobilizing grasp. With this computation, the separation distance between the fingers can be set during the pre-grasp stage to ensure that the object will never escape during the entire grasp execution and finally will he immobilized at the desired configuration.
The capturing interval computation presented in this paper takes into account only incident edges of concave vertices. We plan to consider more neighboring edges around the grasped concavities. This inclusion is likely to result in larger capturing intervals. Other future works include the investigation of issues concerning stretching immobilizing grasps and the computation of two-finger capturing intervals for 2D curved and 3D polyhedral and curved objects.
